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Onsager’s Reaction Field for the Potts Model
from the Path Integral
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A new path integral formulation for the g-state Potts model is proposed. This
formulation reproduces known results for the Ising model (¢ =2) and naturally
extends these results for arbitrary g. The mean field results for both the Ising
and the Potts models are obtained as a leading saddle point contribution to the
corresponding functional integrals, while the systematic computation of correc-
tions to the saddle point contribution produces the Onsager reaction field terms,
which for g =2 coincide with results already known for the Ising model.
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1. INTRODUCTION

Use of path integral methods for the Ising model is standard by now."
Some time ago, Zia and Wallace extended the path integral treatments for
the Ising model to the case of the Potts model.” Their work was subse-
quently accepted and widely used by researchers in the field of critical
phenomena.®* Although the results of their work are quite suitable for the
subsequent field-theoretic renormalization group analysis, the treatment of
the Potts model which they have developed considerably differs from the
case of the Ising model as far as the noncritical properties of both models
are concerned. Indeed, for the case of the Ising model, it is rather
straightforward to obtain the familiar mean field results for arbitrary per-
missible values of the order parameter. These mean field results can be
corrected by the Onsager reaction field terms to be described below. With
these corrections, the mean field results are widely used in the theory of
spin glasses, for example, within the framework of the TAP approach.‘®
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This is not the case so far for the Potts spin glass,!”) where the analogous
extension of the mean field results is lacking, so that one is forced to begin
with the free energy functional, which has only a plausible resemblance to
what is considered to be the improved mean field approximation to the
Potts model.

So far, the Onsager reaction field corrections to the mean field results
have been obtained on the basis of intuitive physical arguments which are
very transparent as far as the Ising model is concerned, as it described
below in Section 2. The same arguments become much more vague when
applied to the Potts model. Recently, Dekeyser ef al.® made an attempt
to extend Onsager’s original idea to the case of the Potts model. They
were motivated by the observation that the mean field treatment of the
Potts model produces the first-order phase transition for ¢ >2® for all
dimensions, while it is well known"? that for d=2 the first-order phase
transition takes place for ¢ >4 and is continuous for ¢ =4. So they hoped
that the inclusion of the Onsager reaction terms will raise the lower mean
field estimate, ¢ > 2. Unfortunately, they have not succeeded in providing
systematic corrections to the mean field results which contribute to the
Onsager reaction field.

Here, I provide a systematic derivation of the Onsager reaction field
terms for the Potts model in complete analogy with similar results for the
Ising model, which 1 also rederive with the use of the path integrals
methods. This work is organized as follows. In Section 2, the path integral
method for the Ising model is discussed in details sufficient for the purposes
of reproducing the Onsager reaction field corrections. The mean field
results for arbitrary permissible values of the order parameter m, are
obtained as a leading saddle point contribution to the functional integral,
while the Onsager corrections come from the treatment of fluctuations
around the mean field. The ideas and methods of this section are extended
for the case of the Potts model in Section 3, where a new path integral
presentation of the Potts model is given along with the rederivation of the
known mean field results for arbitrary values of m,. This rederivation was
not available with the use of the other known path integral methods for the
Potts model.” Computation of the fluctuations around the mean field is
presented for the case of the Potts model in Section 4. In this section
closed-form, one-loop corrections to the mean field results are obtained
along with the Onsager reaction field terms. It is demonstrated that the
fluctuation corrections at the one-loop level do not change the mean field
conclusion about the first-order phase transition taking place for g > 2.
Section 5 is devoted to a brief discussion.
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2. PATH INTEGRAL REPRESENTATION FOR THE
ISING MODEL AND THE ORIGIN OF THE
ONSAGER REACTION FIELD

The mean field magnetization m, at the site i for the case of the Ising
model placed on a d-dimensional hypercubic (for simplicity) lattice with
the total number of sites N, can be obtained as the solution of equation

m, = tanh(ph,) (2.1)
where &, = H, +Y J,;m;, with h; an external field at the site and f an
inverse temperature. Typically, the lattice coupling constant J; is nonzero
only for the nearest neighbors. Equation (2.1) provides an exact solution
for the Ising model in cases (a) when the range of interactions J; is infinite
or (b) when the dimensionality d (or the coordination number z of the
lattice) goes to infinity. If the coupling constants J; are independent
random variables (usually Gaussian distributed), Eq.(2.1) becomes
incorrect even for the case of infinite range of interactions (at least for the
Sherington—Kirkpatrick type of spin glass,"" for example) and need to be
improved.'?) The need for such improvement can be understood based on
the following physical reasons. The magnetization m;, at the site i comes (a)
from the magnetizations of the neighbors of m; and (b) from m; itself. The
last contribution should be excluded by introducing the reaction field as
was first pointed out by Onsager.!"® This can be achieved by means of
introducing the local susceptibility y; at the site i,

1 = Bl —m3) (22)

With such a susceptibility one can write the following result for the field
b2

hy=h, + Z Jalm; —mixuJy) (2.3)
/

The field 4, given in Eq. (2.1) needs to be replaced by that given by Eq. (2.3).

Although the above arguments are very plausible for the case of the
Ising model, their extension to the case of Potts model is by no means
systematic.®® Here, 1 demonstrate that development of the path integral
formalism for the Ising model provides a systematic way of obtaining the
Onsager reaction field terms and is easily generalizable to the case of the
Potts model to be discussed below.

To proceed, the following steps are necessary. First, the combined use
of Egs. (2.1) and (2.3) produces the following equation:

tanh'm, =B Y Jym,— Y J(1—m}Ym; +h; 2.4)
j j
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Second, Eq.(2.4) can be obtained as a first functional derivative (with
respect to m;) of the free energy functional®

#mi1= 2 3 g+ 2[5 (15)

(552

! ! 2y 72 2
_@ § (l_mi)‘]ij(l_mj) (2.5)

Here and below the prime on the summation sign indicates that the
diagonal terms are being omitted. Third, Eq. (2.5) can be obtained from the
path integral representation of the Ising model. Following ref. 14, we can
write the partition function Z for the Ising model as

Z=n [ T1 do,exp{~pSLo.. 11} (26)

where 4" is some unimportant normalization factor and the action S is
given by

1
SLonhl=3 2 (0, —h) T ;' (9, h))
i,j

—% Y In[2 cosh(fe,)] (2.7)

In arriving at the result (2.7), some sort of regularization for the matrix J;
is required, in principle, as is explained in ref. 15. This regularization,
however, is not going to affect the results presented below. Application of
the saddle point method to Z produces

Z~exp{—BSLo; hi1} (2.8)
where the mean field @, is obtained as solution of the saddle point equation

S
0=22 =Y J;' (¢, —h,)—tanh(Bp,) (2.9)
00| g~ g, F;
or
@;=h,; + ), J;tanh(Bp,) (2.10)

J
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Since in this approximation the free energy F=~ S[¢,, #;], one obtains for
the mean field magnetization

mi=—$=ZJ;‘(¢j~h,) (2.11)
: J
Combining Egs. (2.9) and (2.11), one obtains m; =tanh({f¢;) (or
1/B tanh ~' m, = ¢,). The combination of the last equation with Eq. (2.10)
produces Eq. (2.1), as expected. To obtain Eq.(2.5), several additional
steps are needed. First, one introduces the functional I'[{m;}] via the
Legendre transform

I't{m;}1=S[a; hi]+z hi(m;)m; (2.12)

so that the equation of state can be written as

oI
ho——

i

S (2.13)

The explicit form of I" at the mean field saddle point level is easily obtained
with the help of Eqgs. (2.7}-(2.11) and Eq. (2.1) presented in the form

1
hi=-Y J,.jmj-f—Btanh'lmi (2.14)
J

Combined use of Egs. (2.8)—(2.11) and (2.14) produces a result, Eq. (2.5),
without the last term. The last term can be obtained if the fluctuations
around the mean field ¢; are taken into account. The use of Eq. (2.7)
produces

58
: =J_ ' —B(1—tanh® B3,) 6,
5QDZ- 6@] e ij ﬂ( ﬁ(p) ij

=J; =Bl —m})d, (2.15)
where, in going from the first line to the second, Eqgs. (2.9) and (2.11) were

used. With the help of Eq. (2.15) one can easily obtain instead of Eq. (2.5)
the following result#):

F[{mi}]zy[{mi}]

i

= Fpe[{m}] +—21—ﬁln det[s,—B(1—m2)J,]  (2.16)

822/58/1-2-24
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where %, denotes all terms, except the last, in Eq. (2.5). Using the fact
that for any nonsingular matrix A, IndetA=trln A, and In{l —x)=
—(x+x%2+ ---), one expands the last term in Eq. (2.16). Keeping the
terms through quadratic in J;, and taking into account that J; =0, one
obtains back Eq. (2.5) and, whence, the result (2.4) [or (2.3)]. The above
derivation is purely formal and is not based on any plausible physical
arguments. This turns out to be crucial in extending the above results to
the case of the Potts model.

3. PATH INTEGRAL REPRESENTATION FOR THE POTTS
MODEL AND THE MEAN FIELD APPROXIMATION

The tradtional path integral representation of the Potts model is given
in the paper by Zia and Wallace.”» Their formulation is not suitable for
obtaining the mean field results (for values of the order parameter outside
the critical region) and the Omnsager reaction field corrections. Here I
provide another path integral treatment of the Potts model which directly
generalizes the results for the Ising model presented in Section 2. The
partition function for the g-state Potts model can be defined as!'%!"

1
Z=Trexp| 5 X Kot Thlas - ig=1| 1)
i i

Here the Potts variable 4 takes the values 1= 1, o,.., * ', o = exp(2zi/q).
Typically K; is nonzero only for the nearest neighbors. The coupling
constant K, and the magnetic field 4, are explicitly dimensionless and {/}
denotes, as usual, summation over the Potts variables 4 at each lattice site.
To develop the path integral formalism two important identities are
used!”)

1]
5}_'.,,1]:5 Z l:‘i}q*r (32)

r=0

1oz!
5,1,,1=5 Y A (3.3)

r=0

Noticing that 7= 1, one can rewrite the partition function (3.1) as follows:

1 , i1 h, 9!
Z=Trexp|— K, A4y —— Al 3.4
o P <2q Z ’ Eo ! Z g—1 r; ) G4

Taking into account that 47" = (4*)" and using the Hubbard-Stratonovich
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identity (with, perhaps, regularized K),""” one arrives at the following
result:

Z:{Ty JVJD[(p, q)*]exp[—z Z pFIK ol

ij r=0

i )1/2 (@FOA + @i ¥n) +Z———qil p } (3.5)

r=1

+2
where ¢ = {@'",.., ¢~ "}, with the corresponding result for the complex
conjugate. In the subsequent work it is convenient to rescale the fields
®, = ©,/(2¢)"% In order to obtain the mean field results, the following
ansatz should be used: ¢ — ¢, ¢ - " for 1<r<g—1. For the
fixed i consider now the following average:

1
F=Trexp|— (¢ + ¢p*®
oy P [2(1 ( e

+

*(1) g—1 (1) g-1 h q—1
L ¢ } (3.6)

PR S RN e
2q Z 2q rzz:l q— rg

r=1

where the i dependence of the fields is temporarily suppressed. Evidently,
the exponential term which contains the ¢@ (¢*®) field can be taken out-
side the trace. For this field the Hubbard-Stratonovich transformation can
be performed backward, resulting in some unimportant constant which I
shall ignore. To perform the summation over the set {1} in Eq. (3.6), the
following equation is of great importance:

izt Q-4

,

1 =5A,1(q_1)_(1‘5/1,1) (3.7)

r=1

With the help of Eq. (3.7), the summation over 4 in Eg. (3.6) can be readily
performed, thus producing the final result,

F=exp |:<q—2—q—1—) (M +p*h) +hJ
+a-Dep| -5 0+ | (33)

The mean field partition function for the Potts model can now be
represented as

Zur=A | DLo™, o* ] exp{—S[o", o*]) (39)
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where the ation S is given by

STo™, i =L

2g 2 o* VK g,

iJ

-1
—Zln{exp[ S e+ er )il

h. (1) *(1)
+(q—1)exp<— L _ Pt >} (3.10)
g—1 2q

Minimization of the action produces

K;l(ﬁ(-l)“ Yii— Vo (311)
; T yut(@—Dyy

with a similar expression for the complex conjugate field. Here

—1
Y1 =CXp [% (@51) + Qb;k(l))‘f'hi]

. (3.12)

= : ! L) *(1)
yzi—eXP[ p— 2q("" +or)

and the overbars denote the mean field saddle point approximation as in
Section 2. On the other hand, as in the case of the Ising model, the
magnetization m; at the mean field level is given by

d1n ZMF Yii— Vo

= (3.13)
oh, Yut(@—1)yy
where Z,,, ~exp{ —S[3", 3* 1]},
Combining Egs. (3.11) and (3.13) produces
(plfmzz K;m; (3.14)

J

with a similar expression for ¢*®). Using Egs. (3.12)—(3.14), one easily
obtains

ﬁli _ )921'
= (3.15)
Jutlg—1) 3y
where
Pi; =e€xp (Z Kum,+h> (3.16a)

P =exXp ( ——'> (3.16b)
g—1
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This can be somewhat rearranged to produce

q 1 1 (q 1)‘”i q 1
i = h’l( 1 i - Kymj (3 )

The last result coincides with that given in ref. 16. For ¢=2 (the Ising
model case) one obtains back Eq. (2.4) (without the reaction field term) if
one recalls that tanh ™' x=1/21n [(1 + x)/(1 — x)].

As before [see Eq. (2.12)], it is useful to introduce the thermodynamic
potential I'[ {m,}] via a Legendre transform. Using Egs. (3.10), (3.14), and
(3.17), one obtains after some algebra, instead of Eq. (2.12), the following
result:

Bri{m}1=pZ[{m:}]

- lq—lz K,]J+$Z{[1+(q—1)m,.]

I

xIn[14(g—Dm,]+(g—D(1—m)In(l—m,)} (3.18)

where the unimportant constant —NlIng was omitted. The last resuit
coincides with that given in refs. 9 and 16. The Ising model case (g=2) is
obtained in conventional notations"'* if one redefines the coupling
constant K;/2 - K, or, for general g, K;/q— K,. The given analysis
accomplishes the mean field saddle point treatment of the Potts model.

4. ONSAGER REACTION FIELD FOR THE POTTS MODEL

In Section 2 the use of the path integral methods made it possible to
obtain in a systematic fashion the one-loop fluctuation corrections to the
mean field results for the Ising model. In developing the above methods for
the Potts model, it is essential to reproduce the Ising model results (g = 2).
This is essential for two reasons: first, for requirements of consistency, and,
second, because the previous treatments® ignored the consistency require-
ment, which resulted in rather cumbersome and inconclusive results.

Taking into account Eq. (2.15), in the present case one has to calculate
the fluctuation matrix obtained from the following functional:

g—1

Sle, 9*]= Z 2 Z @K o)

iLj

17z} h,
—~> InTr exp {Zq > [q;l*"/t + AR+ ;—1)’}}(4.1)

i {2} r=1
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To develop the general method of calculation, it is instructive to consider
first the Ising model case, g =2. In this case the Tr in Eq. (4.1) is easily per-
formed and one obtains, after obvious rescaling of the fields ¢; <> ¢,/2 and
the coupling constant K, the following familiar result (k, = 0)14:

Slsing Z (pllKU ¢1/+ Z (pZIKtj (pZJ Zln 2 COSh (Plz) (42)

l}

In arriving at Eq. (4.2), the field ¢! was represented as ¢V = ¢, + ip,,,
etc. Minimization of Eq. (4.2) produces back Eq. (2.15), this time written in
the form

52S1 ing
ol g (1-m2)s, (43)
001109 19, - 5 ’ ’
Use of Eq. (3.11) indicates that
O Stsing =0 (4.4)
0¢1; 05, @1= 0
@2u= Qi
while Eq. (4.2) yields
5ZSIsin -
- Mlsing =K;! (4.5)
5(/)21' 59021' Q2= Py

The last fluctuation matrix is of no importance, however, because it does
not contain the order parameter.

Going back to the general case of arbitrary ¢, rescaling the fields in
Eq. (4.1), and using the real fields instead of the complex, one can rewrite
Eq. (4.1) in the following form (note: K, K;/q, h=0, ¢ & ¢/q):

S[tpl,tpz]— 52 Z <P(’)K*‘cp‘1§’+ Y Z P K ol

ijor=1 i or=1
—Zi:ln ;l;r} exp{ z Lo+ A7 )+zgo(”(/1i’—~if)]}
(4.6)
Now one has to calculate the following matrix elements:
525 52S
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This can be accomplished if one recognizes that, while taking the functional
derivatives using functional (4.6), only the fields with the fixed “color”
index r (or r and /) should not be of the mean field type from the outset.
To calculate the second functional derivative, which, for example, is
diagonal in color index r, consider the following auxiliary functional (the
spatial index i is suppressed):

1="{E€ exp{@,[0, (g~ 1)—(1=6, )1+ (o’ =) 3(4"+17")}  (48)

Here Eqgs. (3.6) and (3.7) were used. The trace now can be easily computed,
thus yielding the final result

I=expl(g— 1)@, + (‘P(f)_(m)]
g—1

rexp(=0} { T e300 -0 o]} @)

i=1

Taking the logarithm of 7 and functionally differentiating, one obtains,

o
——In/

o) =m (4.10)

=g

where Egs. (3.12)-(3.16) were used along with an obvious result

g—1

Y of=—1 (4.11)
i=1

Before taking the second functional derivative, however, it is useful to
remember that

a_! (1 g=2
Y wz”z{ ’ (4.12)
i=1 -1, q#2

which comes directly from the definition of @ and the fact that for g =2 the
index r can be only one. Using Egs. (4.13), (4.10), and (4.12), one casily
obtains

5°S
507 5}

J

=K' = e+ e(d)

i
@i

r)_

!

x[(28,,—1)+q—11} 6, +m;  (4.13)

where

N =et+(g=1)e” e =explig=1)g:]. e =exp(— 1)
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and ¢, is given by Eq. (3.14) while ¢, =0 at the mean field level. For g=2
the old result, Eq. (4.3), is readily reproduced, as expected. Computation of
other functional derivatives proceeds analogously. In particular, one has
(r#1)

o5 A, (1 )} o (4.14)
507 600 | oo, i )04
also
528 o2
dp) 5(P(r) " _ 50 OZKiyl A 2 [(20,.=1)=(g=1)] (415a)
4 P ==
and

5%S

. =0 (4.15b)
590(2,)(,021 o )‘w(z) 0
Finally, for the cross terms, one obtains
5%s
e =0 4.16
50770000, (416
¢(1)~¢52)

for all r and /.

Equation (4.16) indicates that the fluctuation matrix has the block-
diagonal form, which significantly simplifies the rest of the calculations. In
particular, I begin with a computation of the one-loop correction to the
mean field free energy result, Eq. (3.18). This correction is the most easily
computed for the case of uniform magnetization m; = m. In this case, the
use of Fourier transform methods’ by analogy with the Ising model case
produces the following results for the corresponding fluctuation matrices
(for the fixed wave vector k)

12 - g—1
A A, - A, I
N S | | A, A, - 4, 2 (4.17)
5(P(lr) 5‘P(1[) . . .
A, g—1

where

A =[KE)] 7' =& e +e(1/2)[(20,, — 1)+ g — 1]} +m®
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and a, =(q—1) zKm, a, = —zKm, where z is the coordination number of
the lattice and K is the strength of the nearest neighbor bond interaction;
A, = — A& "'m(1 —m). Also, one has

1 2 .. g-—1

A4, 0 - 0 1
| S | _| 0 A - 2 (4.18)
1509 5007~ S

0 - - A, g—1

where
Ay =[Kk)] "+ e(12)[(25,, — 1)~ (g~ 1)]=Ak) (4.19)

As usual, one subsequently expands K ~'(k)~ K '(0) + ak? where « is
related to the coordination number of the lattice.'™'*'>) The determinant of
the matrix given by Eq.(4.17) is a circulant and can be -easily
diagonalized,'® with the following results for eigenvalues:

Ak)=4,+(g-2)A4, (4.20)
Ak)y=A4,—4, (4.21)

fori=2,3,.,qg— 1L
The matrix given by Eq. (4.18) is already diagonal. The use of Egs.

(4.18)—(4.21) allows one to write for the fluctuation corrections to the free
energy the following result:

_ 1rd% g2 d%
q—l ddk 2
—5~juanA&) (4.22)

This result should be added to the homogeneous form of Eq. (3.18). Equa-
tion (4.22) produces automatically the Ising model result for g =2"'* and
is valid for arbitrary ¢. One can study, in principle, at this point how the
one-loop fluctuation corrections affect the value of ¢ at which the first-
order phase transition takes place.®® Instead, I provide below the deriva-
tion of the Onsager reaction field terms. To this purpose, it is useful not do
diagonalize the fluctuation matrices in k-space, which aliows one to obtain
a closed-form result, Eq.(4.22), for the fluctuation corrections. Using
results of Section 3, it is necessary to consider the off-diagonal terms,
Eq. (4.14), perturbatively. Averaging with the Gaussian measure given by
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the kernel (4.13) allows one to easily obtain the lowest order off-diagonal
fluctuation correction to the free energy given by

ﬂg’ﬁd=(q—1)(61—2)2131-,-'?7-(1—%)1(,-,-(1—mi)ml- (4.23)

J

where
I%ij: [K‘lh.!/{/fl{eal_keaz

x3[(20,, =) +q— 11T+ m*[];"
=Y Ky [I— A e + e
/

x5[(20,, —1)+¢q—11K+m’K],"
~K;+K; N e 4 e
x3[(26,,—1)+q—11} —K;m; + - (4.24)
In view of Egs. (4.23) and (4.24) it is sufficient to write
K;~K, (4.25)

The higher order terms could be included, if necessary. The use of
Eq. (4.25) brings the final expression for the off-diagonal contribution to
the Onsager’s reaction ficld terms,

ﬁgzﬁd:(‘]’"1)(‘]’2)2Kijmj(1_mj)Kji(l—mi)mi (4.26)

Consider now the diagonal contributions. Using Eq. (4.13) along with
formula In det A=trin A and expanding the logarithm, one obtains [with
accuracy up to O(K fj) terms], by analogy with the Ising model case (see
Section 3), the following result:

—1 . 1
Bﬁﬁlzq tr In (Oij__<1+£_1 + z—éq’z ZKifmf Kij+m?Kij
2 q 2 2 ;

q_l ’ q q
e Zj (”Tq’"f)K§-<1+5—qu>+0(K;) (427)

In arriving at Eq. (4.27), the exponential factors in Eq.(4.13) were
expanded and only the lowest orders in K; terms were kept. Consider
finally the contribution coming from the fluctuation kernel, Eq. (4.15).
Using the same kind of approximations as in the previous case, one obtains

—1 1
ﬂ?gzzq—z—trln [50.%—(5%2—%)5(1—21(”1%,) K,-j] (4.28)
!
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This term produces, however, zero if the accuracy up to O(K,) is
desired (because K; =0 by definition). Collecting all terms [see Eqgs. (3.18),
{4.26)-(4.28)1 one obtains the free energy with Onsager’s corrections in the
following form:

B

N

*1 ! 1
q—q— X mKymy + oA +g = Dm]
i j i

<In[1+ (g — V. +(g— 1)(1 —m) In(1 —m,)}

g—1 « q K q
ECETI AT i a

¥

D=

+(g—1)g—2) zl Kijmj(l _mj)

iJj

x K1 —mm, + O(K3) (4.29)

Here the rescaling of the fields ¢ and the coupling constant K defined
before Eq. (4.6) was taken into account. Notice that the inclusion of these
Onsager terms does not change the mean field prediction about the first-
order phase transition for ¢ >2 coming from the mean field analysis,”® so
that the exact result g, =4 for d=2"" should be understood, as before, in
the asymptotic sense of large-g expansions.”’ Equation (4.29) coincides
with Eq. (2.5) for g=2, as expected (if the term K;/2 — K;, as stated in
Section 3). In case the problem of percolation (g=1) is considered, the
above expression for the free energy should actually be divided by the
factor of ¢ — 1. For more details, see refs. 9 and 19.

5. DISCUSSION

In this paper a new systematic path integral treatment of the Potts
model has been developed. This treatment can be considered as a direct
extension of the similar treatment for the Ising model."*) Previous path
integral treatments of the Potts model are based on the work by Zia and
Wallace.® Their method is not suitable, however, for obtaining the
systematic mean field corrections in cases when the order parameter is not
small, so that the functional integral treatment of the Potts model was
noticeably different from that of the Ising model. I hope that the above
derivation of the Onsager reaction field corrections for the Potts model will
be especidlly useful in those cases when the randomness is important. In
particular, using the result of the previous section, it is now rather
straightforward to develop the TAP approach? for the Potts spin glass.
The results are especially useful in determining the correct Potts spin-glass
transition temperature.®'?) It is well known that the inclusion of the
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Onsager reaction field corrections within the TAP approach to the mean
field Ising model produces results which are in agreement with that
obtained by Sherington and Kirkpatrick" by replica-trick methods. The
various real-space renormalization group methods"®) might benefit also
from the presented development.
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